Abstract. In this paper, we propose a definition of Néron models of arbitrary Deligne 1-motives over Dedekind schemes, extending Néron models of semiabelian varieties. The key property of our Néron models is that they satisfy a generalization of Grothendieck's duality conjecture in SGA 7 when the residue fields of the base scheme at closed points are perfect. The assumption on the residue fields is unnecessary for the class of 1-motives with semistable reduction everywhere. In general, this duality holds after inverting the residual characteristics. The definition of Néron models involves careful treatment of ramification of lattice parts and its interaction with semi-abelian parts. This work is a complement to Grothendieck's philosophy on Néron models of motives of arbitrary weights.
1. Introduction 1.1. Aim of the paper. Let X be an irreducible Dedekind scheme with function field K. Let U be either a dense open subscheme of X or equal to Spec K. Recall from [Del74, (10.1.10)] that a smooth 1-motive M over U in the sense of Deligne is a complex of group schemes [Y → G] over U whose degree −1 term Y is a lattice (étale locally isomorphic to Z n for some n) and degree 0 term G is an extension of an abelian scheme by a torus. Raynaud [Ray94] studied monodromy (i.e. the defect of good reduction around X \ U ) of 1-motives.
In this paper, we define a certain model N (M ) of M over X, which we call the Néron model of M , generalizing Néron (lft) models of semi-abelian varieties [BLR90, Chap. 10 ] (see also [Hol16] , [Ore18] for more recent studies). Grothendieck, in [Gro72, Exp. IX, §0.1], imagined a possibility of a theory of Néron models of motives of arbitrary weights. On the other hand, there have been several studies of Néron models of Hodge structures such as [GGK10] . Our study of Néron models of 1-motives is a complement to such studies. We hope that our study sheds some light on possible Néron models of more general motives.
One key property of our Néron model N (M ) is that it satisfies a generalization of Grothendieck's duality conjecture [Gro72, IX, Conj. 1.3] when the residue fields of X \ U are perfect. This conjecture is originally for M = A an abelian variety, in which case (with perfect residue fields) it is solved by the author [Suz14] after many partial results by other researchers. By Bertapelle-Bosch [BB00] , the conjecture in its original form (for abelian varieties) may fail when a residue field is imperfect. Without the assumption on residue fields, the original conjecture is true if A has semistable reduction everywhere by Werner [Wer97] or after inverting the residual characteristics by Bertapelle [Ber01] . We prove that our Néron models N (M ) of 1-motives M satisfy a duality under the same assumptions as those results (i.e. for the case of semistable M and for the case of residual characteristics being inverted). The duality results we prove strongly suggest that our definition of Néron models is "correct". If Néron models of more general motives make any sense, then it will be a very interesting problem to try to generalize Grothendieck's duality conjecture to such models.
Our Néron model N (M ) represents, in the derived category of X sm , the truncation τ ≤0 Rj * M in degrees ≤ 0 of the derived pushforward of M by the natural morphism j : U sm → X sm . Here X sm is the smooth site of X, i.e. the category of smooth X-schemes with X-scheme morphisms endowed with theétale topology, and U sm similarly. Hence N (M ) encodes j * Y , R 1 j * Y and the kernel of the morphism R 1 j * Y → R 1 j * G. The sheaf R 1 j * Y has finite stalks and contains information about (possibly wild) ramification of the lattice Y . If Y is unramified along X \ U , then R 1 j * Y = 0, and N (M ) is simplified as [j * Y → j * G]. Bosch-Xarles [BX96, Def. 4 .1] defines the Néron model of a complex of sheaves C on (the local rigid-analytic version of) U sm as R 0 j * C. Including information about the degree −1 term (or j * Y ) is a new feature of the present work. Our duality contains the results of Xarles [Xar93] and Bertapelle-Gonzaléz-Avilés [BGA15, Thm. 1.1] as a special case where M is a torus. The result of Xarles mentioned here is essentially about τ ≤1 Rj * Y . Hence the information of the whole τ ≤0 Rj * M is crucial in order to even formulate duality.
According to González-Avilés, Xarles made an (unsuccessful) attempt in 1996 to generalize his result [Xar93] to arbitrary 1-motives. The present work has been done independently of his attempt.
1.2. Main results. Now we state our results. Let j : U sm → X sm and K as above. Denote the category of 1-motives over U by M U , which has a natural additive functor to the bounded derived category D b (U sm ) of sheaves on the site U sm . Let SmGp/X be the category of commutative separated smooth group schemes over X. It has a natural additive functor to the bounded derived category D b (X sm ) of sheaves on the site X sm and hence inherits the notion of quasi-isomorphism of complexes from D b (X sm ). Denote the resulting localization of the category of 
is commutative.
This means that the complex of sheaves τ ≤0 Rj * M is represented by a complex of separated smooth group schemes over X, which is unique up to quasi-isomorphism and behaves functorially in M in the derived category. The construction of N (M ) for M = [Y → G] ∈ M U needs, as auxiliary data, a finiteétale covering V of U such that Y × U V extends to a lattice over the normalization of X in V (which means that V kills ramification of Y along X \ U ). To each such choice of V , we assign a certain canonical complex N (M, V ) in SmGp/X with terms in degrees −1 and 0 representing τ ≤0 Rj * M . As an object of D b (SmGp/X), this complex does not depend on V .
Actually this canonical complex N (M, V ) is more useful than the object N (M ) of D b (SmGp/X) that it represents, since functoriality in triangulated categories is difficult to use for some purposes. For example, the mapping cone of the morphism N 0 (M ) → N (M ) mentioned below will be constructed using this actual complex representative. Nonetheless, the well-definedness of N (M ) makes sense only in D b (SmGp/X). The representability of the terms of N (M, V ) is important; otherwise we would not have much control of the fiber of N (M ) (and P(M ) mentioned below) over Z (see Prop. 3 .1 (2) and Prop. 3.2). Just having a complex of sheaves representing τ ≤0 Rj * M is not sufficient in this regard.
Next, to state our duality results, assume that U ⊂ X is open (so either U = Spec K or X has finitely many points) with reduced complement i : Z ֒→ X. There is a canonical mapping cone of this morphism. This cone is supported on Z (up to quasi-isomorphism). The fiber over Z of this cone is a complex ofétale group schemes in degrees −1 and 0 with finitely generated groups of geometric points. Denote this complex ofétale group schemes over Z by P(M ) ∈ D b (Z et ) and call it the Néron component complex of M . We have a canonical distinguished triangle
. Let M ∨ ∈ M U be the dual 1-motive of M ([Del74, (10.2.12), (10.2.13)]). Denote the derived tensor product by ⊗ L , shift of complexes by [1] and the derived sheaf-Hom functor by R Hom. We will define canonical morphisms
in D(X sm ), D(Z et ), respectively. They induce morphisms
If the residue field of Z at a point x ∈ Z has characteristic p ≥ 0, then by the residual characteristic exponent of Z at x, we mean p if p > 0 and 1 if p = 0. (1) is more or less trivial (akin to the adjunction j * ↔ j * or j ! ↔ j * ). Therefore the real content of duality is the three equivalent statements in (2), which is a generalization of Grothendieck's duality conjecture. (3) easily reduces to Grothendieck's duality conjecture for semistable abelian varieties proved in [Wer97] . For (4), we define l-adic realizations of N (M ) and N 0 (M ) (resp. P(M )) as constructible complexes of sheaves of Z l -modules on X (resp. Z), where l is a prime invertible on Z, and use the six operations formalism (in particular, duality) in l-adic derived categories. (5) generalizes the result of [Suz14] for abelian varieties. We will prove (5) using the duality for cohomology of local fields with perfect residue fields with coefficients in M that is established in [Suz14, Thm. (9.1)].
1.3. Remarks and organization. Here are some remarks. If U = Spec K and X has infinitely many points, then N 0 (M ) = [Y 0 → G 0 ] still makes sense; see Def. 2.18 for the definition of the extension by zero Y 0 in this setting. But Y 0 is not locally of finite type over X since Spec K is not. If one wants a duality in this case, one should first extend M to a 1-motive over some dense open subscheme V of X and then consider the above duality for the morphism V ֒→ X.
The target category D b (SmGp/X) of the Néron model functor N is certainly not the best possible one. In the current form, we cannot consider transitivity of Néron model functors along two dense open subschemes V ֒→ U ֒→ X. Also, an arbitrary object of D b (SmGp/X) does not seem to have any meaningful notion of dual such that the double dual recovers the original object. For this reason, we do not attempt to lift the morphisms ζ M and ζ 0M to D b (SmGp/X). The correct target (resp. source) category might be a suitably defined (non-derived) category of "constructible" or even "perverse" 1-motives over X (resp. U ), and the functors N and N 0 might be viewed as j * and j ! between such categories.
Other kinds of realizations of Néron models should be explored. Among such would be the universal one after inverting the residual characteristics, i.e. as mixed etale motives over X in the sense of Cisinski-Déglise [CD16] . The answers to this and the previous questions might exist along the lines of the work of Pepin Lehalleur [PL15] .
The above duality results are essentially of local nature, reduced to each point of Z. Global duality as studied in [Mil06, III, §3, 9, 11] and [Suz18] should be extended to Néron models of 1-motives.
We will see in Prop. 2.26 an example where the Néron model of a 1-motive arises geometrically from a relative curve over X with anétale local section over U . This suggests that Néron models of 1-motives might have some role in the study of rational points of curves over K valued in ramified extensions of K and the index problem for curves. Now the organization of the paper is as follows. In §2, after collecting some facts about representability of sheaves on the smooth site, we define Néron models and connected Néron models, thereby proving Thm. A. In §3, we first study some generalities on morphisms of topologies without exact pullback functors, such as the one i : Z sm → X sm and the change of topologies X fppf → X sm . Then we define Néron component complexes. In §4, we define the duality morphisms ζ M , ζ 0M and η M . We prove Thm. B (1), (2) and (3). We also prove a weaker version of (4), namely that η M ⊗ Q is an isomorphism, by some arguments on connected-étale sequences. In §5, we define l-adic realizations and prove Thm. B (4). The weaker version of (4) proved earlier is necessary for this since derived l-adic completions of semi-abelian varieties and lattices are both Z l -lattices up to shift and destroy their distinction. In §6, we prove Thm. B (5). We quickly recall the formalism of the ind-rational pro-étale site from [Suz14] , [Suz18] and the duality result [Suz14, Thm. (9.1)] on cohomology of local fields with perfect residue field with coefficients in M . From this, we deduce its version for cohomology of the ring of integers of such a local field with coefficients in N (M ), from which (5) follows.
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Notation. The categories of sets and abelian groups are denoted by Set and Ab, respectively. All groups, group schemes and sheaves of groups are assumed commutative. For an additive category A, the category of complexes in A in cohomological grading is denoted by Ch(A). Its full subcategories of bounded below, bounded above and bounded complexes are denoted by Ch + (A), Ch − (A) and Ch b (A), respectively. If A → B is a morphism in Ch(A), then its mapping cone is denoted by [A → B]. The homotopy category of Ch
. If A is abelian, then its derived category is denoted by D • (A). The canonical truncation functors for D(A) in degrees ≤ n and ≥ n are denoted by τ ≤n and τ ≥n , respectively. If we say A → B → C is a distinguished triangle in a triangulated category, we implicitly assume that a morphism C → A[1] to the shift of A is given, and the triangle A → B → C → A[1] is distinguished. If A → B is a morphism in a triangulated category together with a certain canonical choice of a mapping cone, then this mapping cone is still denote by [A → B] unless confusion may occur. For a site S, the categories of sheaves of sets and abelian groups are denoted by Set(S) and Ab(S). We denote Ch
• (S) = Ch • (Ab(S)) and use the notation K
• (S), D • (S) similarly. The Hom and sheaf-Hom functors for Ab(S) are denoted by Hom S and Hom S , respectively. Their right derived functors are denoted by Ext n S , R Hom S and Ext n S , R Hom S , respectively. The tensor product functor ⊗ is over the ring Z (or, on some site, the sheaf of rings Z). Its left derived functor is denoted by ⊗ L . For a morphism of sites f : S ′ → S, we denote by f * the pullback functor for sheaves of abelian groups.
Definition of Néron models
For a scheme X, we denote the smooth site of X by X sm . It is the category of smooth X-schemes with X-scheme morphisms endowed with theétale (or equivalently, smooth) topology. We denote the category of separated smooth group schemes (commutative, as assumed throughout the paper) over X by SmGp/X and the category of quasi-separated smooth (commutative!) group algebraic spaces over X by SmGp ′ /X. They are additive categories. The full subcategory of SmGp/X (resp. SmGp ′ /X) consisting of objectsétale over X are denoted by EtGp/X (resp. EtGp ′ /X). By a Dedekind scheme, we mean a noetherian regular scheme of dimension ≤ 1. A separated smooth group algebraic space over a Dedekind scheme is a scheme by 
Proof. The only non-trivial part is the exactness of the pullback functor j * set : Set(X sm ) → Set(U sm ) for sheaves of sets. To show this, we may assume that X = Spec A is affine.
If U is open in X, then j * set is just the restriction functor, hence exact. Assume U = Spec K. Let F ∈ Set(X sm ). Then j * set F is the sheafification of the presheaf that sends a smooth K-algebra B to the direct limit of the sets F (A ′ ), where A ′ runs through smooth A-algebras with fixed A-algebra homomorphisms to B. The index category for this direct limit is filtered since K and hence B are filtered direct limits of smooth A-algebras. Since filtered direct limits and sheafification are exact, we know that j * set is exact.
In the rest of this section, assume the following:
• X is an irreducible Dedekind scheme with function field K.
• U is either a dense open subscheme of X or equal to Spec K.
• j : U ֒→ X is the inclusion morphism.
• j : U sm → X sm is the morphism of sites induced by j as in Prop. 2.1.
As above, we assume that X is irreducible (and, in particular, non-empty), so that its function field K makes sense. A Dedekind scheme is a finite disjoint union of Proof. If Z is a smooth X-scheme, then any connected component of Z × X U uniquely extends to a connected component of Z. Therefore j * as a functor Set(U sm ) → Set(X sm ) commutes with disjoint unions. Hence we may assume that Y is connected. Let Y be the normalization of X in Y . Let V ⊂ Y be the maximal open subschemeétale over X. If Z is a smooth X-scheme, then any U -morphism Z × X U → Y uniquely extends to an X-morphism Z → Y since Z is normal. This morphism factors through V . This means that j * Y = V , which is separated etale.
Proposition 2.4. Let Y be anétale group scheme over X and F ∈ Ab(X sm ) a sheaf. Let ϕ : Y → F be any morphism in Ab(X sm ) and Ker(ϕ) ∈ Ab(X sm ) its kernel. Then Ker(ϕ) is an open subscheme of Y and, in particular, anétale X-scheme.
Proof. Let N be the union of the open subschemes of Y that map to zero in F . Then N itself maps to zero in F . Any X-morphism Z → Y from a quasi-compact smooth X-scheme Z is a faithfully flat smooth morphism followed by an open immersion. Hence if Z maps to zero in F , then it factors through N . Thus N = ker(ϕ).
Proof. We know that G 3 ∈ SmGp ′ /X by descent. Since X is Dedekind, we know by [Ray70, Thm. (3.3.1)] that a separated group algebraic space over X is a scheme. Hence the second statement follows.
If G is an extension of an abelian scheme by a torus over U and if U = Spec K, then j * G is represented by the Néron (lft) model [BLR90, 10.1/7], which is in SmGp/X. If U ⊂ X is dense open, we still have j * G ∈ SmGp/X by the arguments in [BLR90, 10.1/9]. In this case, j * G is the open subgroup scheme of the Néron model of G × X K along Spec K → X with connected fibers over U . We still call j * G the Néron model of G (along j : U ֒→ X). Proposition 2.6. Let 0 → H → G → Y → 0 be an extension of group schemes over U such that H is an extension of an abelian scheme by a torus and Y is a lattice. Then j * G ∈ SmGp/X.
Proof.
We have an exact sequence 0 → j * H → j * G → j * Y → R 1 j * H in Ab(X sm ). As above, we have j * H ∈ SmGp/X. Also j * Y ∈ EtGp/X by Prop. 2.3. By Prop. 2.4, we know that the kernel of j * Y → R 1 j * H is in EtGp/X. Therefore j * G ∈ SmGp/X by Prop. 2.5. 
(which depends on not only V and G but the whole M despite of the notation). We have a morphism between exact sequences
by functoriality of the Weil restriction and hence a morphism
(We do not introduce a piece of notation for the above mentioned extension of Y × U V as we do not have to.) The key properties of good coverings are that any finiteétale covering that factors through a good covering is good and that the following holds. 
is theétale sheafification of the presheaf that sends a smooth
Hence it is enough to assume that X is strict henselian local and U is the generic point of X, and show that H 1 (X ′ × X V, Y ) = 0 for the strict henselization X ′ of any smooth X-scheme at any point. By goodness, Y extends to a lattice over the strict henselian scheme
and V a good covering of U with respect to M and X. We define
which is an object of Ch 
Proof. By Prop. 2.8, we have an exact sequence
This proves the proposition.
The inclusion functor SmGp ′ X ֒→ Ab(X sm ) induces a triangulated functor
Definition 2.11. We say that a morphism in
might not be a locally small category and might be as large as D b (X sm ). Smooth group schemes over X with connected fibers are quasi-compact ([DG70b, Exp. VI B, Cor. 3.6]) and hence form a small set. Therefore the problem is the cardinalities of the component groups of the fibers. If one wants to prove the local smallness of D b (SmGp/X) using [KS06, Rmk. 7.1.14], it suffices to show that for any quasi-isomorphism 
) and maps to the canonical distinguished triangle
e. commutative with the differentials). For any n, the diagram with exact rows
The required morphism is given by the composite
Proposition 2.14.
choose a good covering
V of U with respect to M and X and consider the object
For any morphism
M = [Y → G] → M ′ = [Y ′ → G ′ ] ∈ M U ,
choose a good covering V of U with respect to both M and M
′ and X and consider the morphism
These assignments define a well-defined additive functor
and V a good covering of U with respect to M and
from the right upper term to the left lower term splits the diagram into two commutative triangles. This means that the two morphisms f, g : M (V ) ⇒ M (W ) are homotopic to each other. Applying j * term-wise, we know that the two morphisms f, g :
is independent of the choice of V . The rest is an easy consequence of this.
Definition 2.15. We denote the functor
Proof. This follows from Prop. 2.10.
Prop. 2.14 and 2.16 together finish the proof of Thm. A. Next we consider connected Néron models. 
Proof. Obvious. 
which is a complex of (not necessarily locally finite type) group schemes over X.
For good coverings V of U with respect to M , the natural morphisms
of complexes of group schemes over X are contravariantly functorial in V . In particular, if U ⊂ X is open, then they induce a canonical morphism
Proof. Obvious.
In the next two propositions, consider the following situation:
Situation 2.22.
is a cartesian diagram of schemes such that the both horizontal morphisms are as in Situation 2.2.
In this situation, we say that the formation of Néron models commutes with the base change X ′ /X if the natural morphism
is an isomorphism for any M ∈ M U and any good covering V of U with respect to M and X. In this case, the natural morphism
of complexes of group schemes over X ′ is an isomorphism since the base change ( · ) × X X ′ preserves the maximal subgroup scheme with connected fibers. The natural morphism
is also an isomorphism.
Proposition 2.23. The formation of Néron models commutes with the base change
X ′ /X if X ′ → X is a
regular morphism. This happens, in particular, if X ′ → X is anétale morphism, the localization of X at a closed point, or the (strict) henselization of local X.
Proof. The statement holds if X ′ → X is an open immersion. The statement is Zariski local on X and X ′ . Hence we may assume that both X and X ′ are affine. By the structure of N (M, V ), it is enough to show that (
) is representable by a smooth X-scheme (resp. smooth X ′ -scheme). Since X ′ → X is a regular morphism between noetherian affine schemes, we know by Popescu's theorem [Swa98, Thm. 1.1] that X ′ can be written as a filtered inverse limit lim ← − X ′ λ of smooth affine X-schemes. Let X ′′ be a smooth affine X ′ -scheme. Then there exist an index λ 0 and a smooth affine
Proposition 2.24. The formation of Néron models commutes with the base change X ′ /X if X = Spec A is local and X ′ = SpecÂ its completion.
Proof. We may assume that X is strictly henselian (local!) and U = Spec K its generic point. Write U ′ = Spec K ′ . We denote the base change ( · ) × X X ′ of Xschemes by ( · ) ′ . Let V be a good covering of U with respect to M and X. The proof of Prop. 2.3 shows that j * Y is the maximal open subscheme of the normalization of X in Yétale over X. This description shows that (j * Y )
. Also, the formation of Néron (lft) model of semi-abelian varieties commutes with completion by [BLR90, 10.1/3]. Thus (j * G)
, respectively, and a commutative diagram with exact rows
in SmGp/X ′ . We want to show that the second vertical morphism is an isomorphism. Let C ∈ EtGp/X be the kernel of
We have a commutative diagram with exact rows
Since G is smooth and X henselian local, the right vertical homomorphism
There are slightly more flexible representatives of
Proof. Let V be a finiteétale covering of U such that Y ′ (and hence Y and
homotopic to the previous one by the same argument as the proof of Prop.
Hence the isomorphism [j
Here is a simple example where the Néron model of a 1-motive arises geometrically from a relative curve over X with anétale local section over U .
Proposition 2.26. Assume that X is excellent and the residue fields of X \ U are perfect. Let S → X be a proper flat morphism with 1-dimensional geometrically connected fibers from a regular scheme S such that S U = S × X U → U is smooth. Let T → X be a finite flat morphism from a regular scheme T such that
Denote by Y the kernel of the norm map Res TU /U Z ։ Z and by A the relative Jacobian Pic
Then the morphism Res TU /U Z → Pic SU /U in SmGp/U uniquely extends to a morphism Res T /X Z → (Pic S/X ) sep in SmGp/X, and we have a canonical isomorphism 
. We have j * Res TU /U Z ∼ = Res T /X Z since Res T /X Z is anétale X-scheme and the pushforward of Z by the morphism T U,et ֒→ T et is Z. By the assumption on the residue fields of X \ U and [Gro68, Eq. (4.10 bis)], we know that the natural morphism Pic S/X → j * Pic SU /U is surjective in Ab(X et ) whose kernel is a skyscraperétale sheaf. Hence (Pic S/X ) sep ∼ → j * Pic SU /U in SmGp/X. This proves the proposition.
The assumption "the residue fields of X \ U are perfect" is only used to ensure that Pic S/X → j * Pic SU /U is surjective in Ab(X et ). This latter condition is satisfied
X,x has a section (or slightly weaker, has index 1) for any x ∈ X \ U , where O sh X,x is the strict henselian local ring at x, as stated before [Gro68, Eq. (4.13)].
Component complexes
Recall from [Suz18, §2.4] that a premorphism of sites f : S ′ → S between sites defined by pretopologies is a functor f −1 from the underlying category of S to the underlying category of S ′ sending covering families to covering families such that (1) There exists a canonical isomorphism
Let F be a bounded above complex of representable presheaves of abelian groups on S. Then we have Lf
, where f * and f −1 in the middle and right-hand sides are applied term-wise.
Proof. First note that the pullback f * set : Set(S) → Set(S ′ ) for sheaves of sets commutes with finite products. Indeed, for F ∈ Set(S), the sheaf f * set F is the sheafification of the presheaf that sends X ′ ∈ S ′ to the direct limit of F (X), where X runs through objects of S together with morphisms
Using this presentation and the assumption on f −1 , it is routine to check that the assignment F → f * set F commutes with finite products. (If one wants a reference, see [BD77, Thm. 1.5, Ex. 3.1].) Second, if F is a complex of representable presheaves of abelian groups on S,
(1) This is [KS06, Thm. 18.6.9 (iii)] when f is a morphism of sites. The only part that needs exactness of f * set is the proof of [KS06, Prop. 17.6.7 (i)]. It does not need full exactness but only commutativity with finite products.
(2) We have a spectral sequence
whereF i is the i-th term of the complexF . Hence we may assume that F has a term only in degree zero. By the method of proof of [Suz14, Rmk. (5.1.2)] (i.e. using Mac Lane's resolution of F ), the statement to prove reduces to the statement
where the upper scripts m denote products of m copies. This statement is true by the assumption on f −1 and the two remarks above. Proof. Consider the category of smooth algebraic spaces over X with morphisms of algebraic spaces over X endowed with theétale topology. Let X sm ′ be the resulting site. The identity functor defines a morphism of sites X sm ′ → X sm inducing an equivalence on the topoi. Let f ′ : Y sm ′ → X sm ′ be the premorphism of sites induced by f . We have Lf ′ * = Lf * since these functors are intrinsic to the topoi. Since the terms of F are now representable in X sm ′ , Prop. 3.1 shows that Lf
In the rest of this paper, we consider the following situation:
• U is a dense open subscheme of X with complement Z with reduced induced structure.
• j : U ֒→ X and i : Z ֒→ X are the inclusion morphisms.
• j : U sm → X sm and i : Z sm → X sm are the premorphisms of sites induced by j and i, respectively.
The scheme Z is a finite set of closed points of X. Note that we disallow U = Spec K from now on (if X has infinitely many points). Hence the connected Néron
be the full subcategory of groups with finitely generated geometric fibers. For an object 
Then we have
Proof. We have j * G = G. We show that G/G 0 ∈ EtGp ′ /X. Write G as a union of quasi-compact open subschemes S i ⊂ G (which might not be group subschemes). For each i, the connected components of fibers of S i → X form a quasi-separated etale algebraic space π 0 (S i /X) over X ([LMB00, (6.8.1) (i)], [Rom11, Thm. 2.5.2 (i)]). Since lim − →i π 0 (S i /X) = G/G 0 , we know that the sheaf of groups G/G 0 is also a quasi-separatedétale algebraic space, so it is in EtGp ′ /X. We have an exact sequence 
is a term-wise exact sequence of complexes in Ab(X sm ). Hence by Prop. 2.13, it defines a distinguished triangle in D b (SmGp ′ /X). We have a distinguished triangle
We have a morphism of distinguished triangles Proof. The Néron model j * G has finitely generated groups of geometric connected components ([HN11, Prop. 3.5]). Hence the exact sequence (3.1) shows that P ′ (M, V ) has finitely generated geometric fibers. Its degree −1 term j * Y (V ) /Y 0 becomes i * j * Y (V ) after pulling back to Z, which is a lattice.
Proposition 3.7. For any object M = [Y → G] ∈ M U , choose a good covering V of U with respect to M and X and consider the object
P ′ (M, V ) ∈ D b (EtGp ′ /X).
For any morphism
choose a good covering V of U with respect to both M and M
These assignments define a well-defined additive functor
M U → D b (EtGp ′ /X).
We denote this functor as M → P ′ (M ).
Proof. The same proof as Prop. 2.14 works.
Definition 3.8. For M ∈ M U , we define
and call it the Néron component complex of M . The assignment 
for any M ∈ M U and any good covering V of U with respect to M and X.
Proof. This follows from Prop. 2.23 and 2.24.
Duals and duality pairings of Néron models
In the rest of this paper, we work in the following situation with a set of notation:
Situation 4.1.
• j : U sm → X sm , i : Z sm → X sm and K are as in Situation 3.3. 
] is a triangle of bounded complexes of smooth group algebraic spaces over S, then it is distinguished in D(S fppf ) if and only if it is so in D(S sm
Proof. We have Rα * F = F since fppf cohomology with coefficients in smooth group algebraic spaces agrees withétale cohomology ([Mil80, III, Rmk. 3.11 (b)]). We have Lα * F = F by Prop. 3.1 (2) and the proof of Prop. 3.2. These facts imply the statement about the distinguished triangle. We have
This shows the last statement.
Proposition 4.3. The isomorphism (4.1) induces an isomorphism
Proof. Let α : U fppf → U sm be the premorphism of sites defined by the identity functor. We apply τ ≤0 Rα * to the mentioned isomorphism. By Prop. 4.2, we have
using Prop. 3.1. This proves the proposition.
Definition 4.4. We define
N (M ) ∨ = τ ≤0 R Hom Xsm (N (M ), G m [1]) ∈ D(X sm ), N 0 (M ) ∨ = τ ≤0 R Hom Xsm (N 0 (M ), G m [1]) ∈ D(X sm ). Let G m /X be the Néron model of G m /U . Recall from [Mil06, III, proof of Lem. C.10] that R 1 j * G m = 0. Hence we have τ ≤0 (Rj * G m [1]) = G m [1]. We have a canonical exact sequence 0 → G m → G m → i * Z → 0 in SmGp/X.
Proposition 4.5. Consider the morphisms
and the induced morphism
in D(X sm ). The two induced morphisms
are both isomorphisms in D(X sm ).
Proof. Applying τ ≤0 Rj * to the isomorphism in Prop. 4.3 and using τ ≤0 Rj * τ ≤0 = τ ≤0 Rj * , we have
We have j * N (M ) = j * N 0 (M ) = M . Hence by Prop. 3.1, we have
and the fact
Hence the result follows.
If M is an abelian scheme, then the isomorphisms in Prop. 4.5 agree with the isomorphism in [Mil06, III, Lem. C.10] by construction. 
in Prop. 4.5 and the corresponding morphism
for M ∨ are compatible under the biduality isomorphism M ∼ → M ∨∨ and switching the tensor factors.
Proof. This follows from the fact that the morphism
∨∨ and switching the tensor factors by the symmetric description of the pairings [Del74, (10.2.12)].
Proposition 4.7. We have
Hence the isomorphism in Prop. 4.5 induces a canonical isomorphism
Proof. We have
by Prop. 3.1 and Prop. 3.2. We have i
The fibers of the group G Z0 at the points of Z are connected smooth algebraic groups. Hence the same argument as [Mil06, III, paragraph after Lem. C 10] shows that
By the definition of N 0 (M )
∨ and the derived tensor-Hom adjunction, the iso-
as a morphism in D(X sm ). Switching M and M ∨ and applying the derived tensorHom adjunction, we have a morphism
This morphism factors through the truncation τ ≤0 of the right-hand side since
Definition 4.8. We denote the above obtained morphisms in D(X sm ) by
Hence Thm. B (1) has been proven in Prop. 4.7. If M is an abelian scheme, then the morphism ζ 0M agrees with the morphism in [Mil06, III, Lem. C.11] by construction.
Proposition 4.9. We have
Proof. The first isomorphism follows from Prop. 4.7. The second equality is Prop. 3.1. The third isomorphism follows from the fact that the category of abelian groups has projective dimension one, Ext 1 (Z, · ) = 0 and Prop. 3.9. 
The morphism
in the middle coming from Prop. 4.5 can uniquely be extended to a morphism of distinguished triangles
The left vertical morphism agrees with the morphism ζ 0M . The middle morphism becomes an isomorphism after truncation τ ≤0 .
Proof. If we show that any morphism from or G
. We have a spectral sequence
From this and by Prop. 3.9, we obtain an isomorphism and an exact sequence
is concentrated in degrees −1 and 0 whose H −1 is a lattice. Therefore, about cohomology objects
and f has to be zero.
On the other hand, we have a commutative diagram
where the right vertical morphism is the one in Prop. 4.5 and the left vertical morphism is the one appearing in the definition of ζ 0M (in the paragraph before Def. 4.8). Translating this using the derived tensor-Hom adjunction, we see that the left square in the statement of the proposition is also commutative if the morphism ζ 0M is used in the left vertical morphism. Hence the left vertical morphism has to be ζ 0M by uniqueness. The middle morphism becomes an isomorphism after truncation τ ≤0 by Prop. 4.5.
The objects in the upper row of the diagram in this proposition are concentrated in degrees ≤ 0. Hence the third vertical morphisms factor as
where we used the isomorphism in Prop. 4.9. It is a morphism in D(X sm ). Pulling back by i, we have a morphism
. By the derived tensor-Hom adjunction, this corresponds to a morphism
Definition 4.11. We denote the above obtained morphism in
If M is an abelian scheme, then the morphism η M agrees with Grothendieck's pairing by [Mil06, III, Lem. C.11].
Proposition 4.12. We have
by Prop. 3.1 (1) (or [KS06, Thm. 18.6.9 (iii)], noting that j is a morphism of sites).
Together with R 1 j * G m = 0, we have
This is concentrated in degrees ≥ 2.
Proposition 4.13. Consider the diagram
of natural morphisms in D(X sm ). Note that the mapping cones of the four horizontal morphisms are all concentrated in degrees ≥ 1 by Prop. 4.7 and 4.12 and hence the horizontal morphisms become isomorphisms after truncation τ ≤0 . Then the resulting two morphisms
are equal, or equivalently, the above diagram becomes a commutative diagram after τ ≤0 .
Proof. Denote the distinguished triangles
by A → B → C, D → E → F , respectively. Then the diagram can be written as
As noted, [A, F ] X and [C, E] X [1] are concentrated in degrees ≥ 1. We want to show that the two morphisms
Let T ∈ D(X sm ) be any object concentrated in degrees ≤ 0. Applying Hom Xsm (T, · ), we are comparing two homomorphisms
is commutative. We know that R Hom Xsm (A ′ , F ) and R Hom Xsm (C ′ , E[1]) are concentrated in degrees ≥ 1. Let f ∈ Hom Xsm (A ′ , E). Sending f to Hom Xsm (C ′ , F ) via the left side of the diagram, we have a commutative diagram (4.2)
with diagonal arrows from B ′ to E and C ′ to F splitting the left and middle squares into commutative triangles. (Note that the right square is automatically commutative since Hom Xsm (C ′ , E[1]) = 0.) Hence we have a commutative diagram
By an axiom of triangulated categories, there exists a morphism
that completes this diagram into a morphism of distinguished triangles. This morphism diagonally splits the right square of the diagram (4.2) into commutative triangles. From this, we see that the two images of f in Hom Xsm (C ′ , F ) are equal. This proves the proposition.
.
is a morphism of distinguished triangles, where the d in the right vertical morphism is the connecting morphism
Proof. It is enough to show the commutativity of the squares after applying τ ≤0 to the lower row since the upper row consists of objects concentrated in degrees ≤ 0. (Note that there are actually three squares whose commutativity has to be checked, one of which is hidden in the diagram.) Prop. 4.6 and 4.13 show that the lower row after τ ≤0 can be identified with the lower row after τ ≤0 of the diagram in Prop. 4.10. This implies the result.
In particular, η M is an isomorphism if and only if η M ∨ is so.
Proof. Applying the derived tensor-Hom adjunction to the diagram in Prop. 4.14 and interchanging the tensor factors, we have a morphism of distinguished triangles
Using the uniqueness part of Prop. 4.10, we know that i * η 
Proof. Suppose that η M is an isomorphism. By Prop. 4.7 and Def. 4.8, the mor-
∨ is an isomorphism. Then the five lemma applied to the diagram in Prop. 4.14 shows that ζ 0M :
∨ is an isomorphism. On the other hand, Prop. 4.15 shows that η M ∨ is also an isomorphism. Hence the above argument applied to M ∨ implies that ζ 0M ∨ is an isomorphism. Conversely, suppose that ζ 0M and ζ 0M ∨ are isomorphisms. Then the same argument as above shows that η M and η M ∨ are isomorphisms in H −1 and injective in H 0 . Set P = P(M ) and P ′ = P(M ∨ ). Denote the torsion part by ( · ) tor and torsion-free quotient by ( · ) /tor . Then we have a commutative diagram with exact rows
where H 0 (P ) PD tor is a shorthand for (H 0 (P ) tor ) PD . The middle vertical morphism is injective. The right vertical one is an isomorphism by Prop. 4.15. These imply that the left vertical morphism is injective. Switching M and M ∨ , we know that
PD tor is also injective. As H 0 (P ) tor and H 0 (P ′ ) tor are finiteétale, we conclude that these injective morphisms are all isomorphisms. Therefore η M and η M ∨ are isomorphisms.
The last statement about the diagram follows from the isomorphism
which is a consequence of Prop. 4.12.
Proposition 4.17. The morphism η M is an isomorphism if and only if the corresponding morphism
for the strict henselian local field K sh x at any point x ∈ Z is an isomorphism. We may replace K 
In either diagram, the left and right vertical morphisms become isomorphisms after truncation τ ≤0 by the previously treated cases. Therefore the four lemmas imply that the middle vertical morphisms become isomorphisms after τ ≤0 .
The following proves a weaker version of Thm. B (4). Proof. We may assume that X is strictly henselian local and U = Spec K by Prop. 4.17. First we describe P(M ) ⊗ Q. We have R 1 j * Q = 0 since H 1 (X ′ × X U, Q) = 0 for any quasi-compact smooth X-scheme X ′ by [Mil06, II, Lem. 2.10]. From this, by taking a finite Galois extension of K that trivializes Y and arguing with a Hochschild-Serre spectral sequence, we know that
where we are viewing P(M ) as a complex of abstract abelian groups since X is strictly henselian and hence Z is a geometric point. Let F be the cokernel of
Hence so is Γ(Z, F ). The snake lemma for the diagram
gives an exact sequence
The first term is of finite type over Z. Hence the first morphism has finite image. The third morphism is a morphism from a finitely generated abelian group to a smooth algebraic group. The group of Z-valued points of the cokernel of this morphism is killed by [K ′ : K]. Such a morphism has finite image since Z is a geometric point. The group π 0 (A Z ) is finite. Thus we have
Note that Y and T ′ are Cartier dual to each other. So are Y ′ and T . The morphism η M ⊗ Q decomposes into two parts
and the corresponding morphism for Y and T ′ . It is a classical fact that the two parts above are isomorphisms.
1 Hence η M ⊗ Q is an isomorphism. 
Each of these three terms as well as Coker(H 0 η M ) is of the form i * N for some finiteétale group scheme N over Z.
Proof. The domains and codomains of the morphisms ζ 0M and η M are concentrated in degrees −1, 0. The diagram in Prop. 4.10 shows that H −1 ζ 0M is injective and induces exact sequences
All these groups are torsion by Prop. 4.19. The group Ker(H −1 η M ) is torsion-free by Prop. 3.9, hence zero. Therefore Coker(H −1 ζ 0M ) = Ker(H 0 ζ 0M ) = 0. The groups Coker(H n η M ) and Ker(H n η M ) for any n are of the stated form. Hence so is their extension Coker(H 0 ζ 0M ).
In particular, if ζ 0M is an isomorphism, then η M is an isomorphism in cohomologies of degrees = 0 and an injection with finiteétale cokernel in H 0 . This might not imply that η M is an isomorphism if no additional assumption is made on ζ 0M ∨ . This point seems to exist already for the case that M = A is an abelian scheme;
1 One way to quickly see this is the following. Let l be a prime invertible on Z. The Kummer sequence gives H 1 (U, V l T ) = π 0 (T ) ⊗ Q l , where V l is the rational l-adic Tate module of T . The l-adic representation V l T over U is the Tate twist of the dual of Y ′ ⊗ Q l . Hence the duality 
by [Sta18, Tag 099B] . The constructibility of a derived complete F ∈ D(X proet ) is always taken with respect to the ideal lZ ⊂ Z (or lZ l ⊂ Z l ; [BS15, Lem. 3.5.6]) unless otherwise noted. The same notation applies to the pro-étale sites U proet , Z proet . For a derived complete F ∈ D(X proet ), we denote
where we set Z l = lim ← −n Z/l n Z ∈ Ab(X proet ) and the Tate twist Z l (1) = lim ← −n Z/l n Z(1) ∈ Ab(X proet ) as sheaves. (This notation F ∨ does not clash with dual 1-motives M ∨ since a non-zero 1-motive is never derived complete. It is also different from the linear dual of Z l -lattices due to the twisted shift (1) [2] .) The same notation F ∨ applies to a derived complete F ∈ D(U proet ). For a derived complete F ∈ D(Z proet ), we denote
For the six operations formalism, see [BS15, §6.7] . The l-adic Tate module T l ( · ) of a sheaf is the inverse limit of the l n -torsion parts for n ≥ 0. Let ν : X proet → X et be the morphism of sites defined by the identity functor ([BS15, §5]). We naturally regard objects of D(X et ) as objects of D(X proet ) via pullback ν * (omitting ν * from the notation). A similar convention applies to ν : Z proet → Z et and ν : U proet → U et . 
is the l-torsion part of G 0 shifted by one, which is constructible. Hence
In the rest of this section, we will omit α * and simply denote the image of a sheaf or a complex of sheaves F over the smooth site (of U , X or Z) by F . 
Yet another convention: in the rest of this section, we will use the pro-étale topology only and denote the morphisms U proet → X proet and Z proet → Z proet induced by j : U ֒→ X and i : Z ֒→ X simply by j and i. This change of notation does not make a difference for relevant groups after derived completion. More precisely:
Proof. The reduction morphism i * H → H × X Z is surjective by smoothness. We need to show that the multiplication by l on the kernel of i * H → H × X Z in Ab(Z proet ) is an isomorphism. We may assume that X is strictly henselian and U = Spec K. Since Z is then a geometric point and H locally of finite type, it is enough to show that l : Ker(H(X) ։ H(Z)) is bijective. By dividing H by the schematic closure of the identity section of H × X U , we may assume that H is a separated scheme ([Ray70, Prop. 3.3.5]). The multiplication by l is anétale morphism on H by [BLR90, 7.3/2 (b)]. In particular, Ker(l) ⊂ H is a separated etale group scheme over X. Hence the map Ker(l)(X) → Ker(l)(Z) is bijective since X is henselian. Therefore l : Ker(H(X) ։ H(Z)) is injective. Let a ∈ Ker(H(X) ։ H(Z)). Then the inverse image l −1 (a) ⊂ H is a separatedétale X-scheme whose special fiber contains 0 (the identity element). Hence l −1 (a)(X) is non-empty since X is henselian. Thus l : Ker(H(X) ։ H(Z)) is also surjective. This implies the result.
Proof. The statements for N (M ) and N 0 (M ) follow from Prop. 5.1 and [BS15,
Applying the derived completion to the triangle in Def. 3.8, we get the stated distinguished triangle.
Proposition 5.5. We have canonical isomorphisms
which are shifts of Z l -lattices over Z.
Proof. By [BS15, Rmk. 6.5.10], the derived completion commutes with i * and j * . By the distinguished triangle i
Lem. 6.1.16]), we know that the derived completion also commutes with i ! . We have i
by Prop. 5.3 and the fact that the smooth group scheme G Z0 with connected fibers is l-divisible.
We have i * N (M ) = τ ≤0 i * Rj * M . We claim that the l-primary part of i * R n j * M is divisible for n = 1 and zero for n ≥ 2. This implies
as desired. Now we prove the above claim. We may assume that X is strictly henselian and U = Spec K. We need to show that the l-primary part of H n (K, M ) is divisible for n = 1 and zero for n ≥ 2. It is enough to show this for the case M = G and the case M = Y [1]. Let C be the l-primary part of G tor or Y ⊗ Q l /Z l . We need to show that H n (K, C) is divisible for n = 1 and zero for n ≥ 2. Since C is l-divisible with finite l-torsion part, this follows from the fact that the l-cohomological dimension of K is 1 ([Ser02, II, §4.3, Prop. 12]). Proof. We have a distinguished triangle
Hence the statement about i ! N 0 (M ) follows from Prop. 3.9 and 5.5. We also have a distinguished triangle
Hence by the same propositions, we know that i * N (M ) is concentrated in degrees −1, 0, whose H −1 is a Z l -lattice. This implies the statement about (i * N (M )) ∨ . The rest is already in Prop. 5.5.
Proof. The derived tensor product ( · ) ⊗ L Z/l n Z is given by the mapping cone of multiplication by l n , which commutes with R Hom Xproet (F, · ). The derived inverse limit R lim ← − also commutes with R Hom Xproet (F, · ). Hence we have
where the second equality comes from the fact that the mapping cone of F → F is uniquely l-divisible.
Therefore the morphism ζ 0M induces a morphism 
Proof. The statement about H −1 i * is a consequence of Prop. 5.5, once we show that ζ 0M is an isomorphism. We have
by Verdier duality. Since
is an isomorphism, it is enough to show that the morphism
is an isomorphism. The morphism ζ 0M induces a canonical morphism of distinguished triangles
Denote the upper triangle by E → F → G and lower by E ′ → F ′ → G ′ . Then by Prop. 5.6, we have a commutative diagram
and a commutative diagram with exact rows Proof. The derived completion of the diagram in Prop. 4.14 gives a morphism of distinguished triangles
The morphism ζ 0M is an isomorphism by Prop. 5.8. The morphism ζ M can be obtained by applying the dual ( · ) ∨ to ζ 0M ∨ by the definition of ζ 0M . Hence ζ M is an isomorphism. (This is not a consequence of the fact that
is an isomorphism, since derived completion does not commutes with the truncation τ ≤0 that appears in Def. 4.4.) Therefore η M is an isomorphism.
The following finishes the proof of Thm. B (4).
Proposition 5.10. Any of the kernel or cokernel of H n ζ M and H n η M for any n is of the form i * N for some finiteétale group scheme N over Z whose fiber over any x ∈ Z has order a power of the residual characteristic exponent at x.
Proof. This follows from Prop. 5.9 and 4.20.
Duality for cohomology of Néron models and perfectness for p-part
We continue working in Situation 4.1. Assume that X = Spec O K is the spectrum of a complete discrete valuation ring O K with perfect residue field k of characteristic p > 0 and U = Spec K its generic point. Below we use the same notation as 
The morphism in H 2 of the left vertical morphism is the isomorphism (6.2). The objects P(M ) and P(M ∨ ) LD [1] are concentrated in degrees −1, 0 by Prop. 3.9 and the proof of Prop. 4.10. Hence the left horizontal two morphisms are both isomorphisms in H 2 . The upper middle term RΓ x (O K , N (M ∨ )) is concentrated in degree 2 as we saw in the proof of Prop. 6.2 (2). As we saw in the proof of Prop. 6.2 (1), the object RΓ(O K , N 0 (M )) = Γ(K, G) 0 is a connected proalgebraic group. Hence its Serre dual is concentrated in degree 2 by [Suz14, Prop. (2.4.1) (b)]. Therefore the lower middle term RΓ(O K , N 0 (M )) SD in the above diagram is also concentrated in degree 2. Combining all these, we know that the middle vertical morphism in the above diagram is an isomorphism. Its Serre dual is C → C ′ with M replaced by M ∨ . Therefore C → C ′ is an isomorphism. Hence E → E ′ is an isomorphism.
Proposition 6.4. The morphism η M is an isomorphism.
Proof. The right vertical morphism in (6.3) is η M by Prop. 4.14 and the construction of (6.3). The middle vertical morphism is an isomorphism as seen in the proof of Prop. 6.3. The left vertical morphism is E → E ′ up to shift, which is an isomorphism by Prop. 6.3. Therefore η M is an isomorphism.
The following finishes the proof of Thm. B (5) and hence of Thm. B itself. 
